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Data segmentation

• Multiple change point estimation a.k.a. data segmentation.
• Recent surge of interest for computationally fast and statistically effi-

cient methods for change point analysis.
• We are concerned with the classical, a posteriori multiple change

point detection problem in univariate data:

Xt = f0 +

qn∑
j=1

dj · I(t ≥ θj + 1) + εt, t = 1, . . . , n.

• θ0 + 1 = 1 ≤ θ1 < θ2 < . . . < θqn < n = θqn+1.
• Total number (qn) as well as locations (θ1, . . . , θqn) of change points

are unknown and to be estimated.
• Errors ε1, . . . , εn ∼ (0, σ2).
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Existing approaches

• Optimisation of objective functions constructed on the principle of pe-
nalised likelihood or minimum description length, via dynamic pro-
gramming (Killick et al., 2012; Maidstone et al., 2017) or genetic algorithm (Davis and

Yau, 2013).
• Multiscale procedures focused on isolating each change point within

an interval sufficiently large for its detection and estimation.

– Wild Binary Segmentation (Fryzlewicz, 2014) and its extension WBS2
(Fryzlewicz, 2019).

– Multiscale MOSUM procedure (Messer et al., 2014; Eichinger & Kirch, 2018).
– Local segmentation (Chan & Chen, 2017), tail-greedy bottom-up method

(Fryzlewicz, 2018), IDetect (Anastasiou & Fryzlewicz, 2019).

• Hybrid approach for multiscale change point inference (Frick et al., 2014; Li

et al., 2016).
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Multiscale procedures

• Isolate each change point within an interval sufficiently large for its
detection and estimation.
• Tests and estimators designed for at-most-one-change alternatives

(Csörgö & Horváth, 1997; Horváth & Rice, 2014), are applicable to detect (possibly)
multiple change points.
• Various candidate generating mechanisms combined with thresh-

olding or information criterion for model selection.
– Wild Binary Segmentation (Fryzlewicz, 2014) and its extension WBS2 (Fryzlewicz,

2019).
– Multiscale MOSUM procedure (Messer et al., 2014; Eichinger & Kirch, 2018).
– Local segmentation (Chan & Chen, 2017), tail-greedy bottom-up method (Fryzlewicz,

2018), IDetect (Anastasiou & Fryzlewicz, 2019).
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Test signal mix
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Wild Binary Segmentation

• Draws a large number of intervals randomly.
• With high probability, for each θj, j = 1, . . . , qn, there exists at least

one interval which contains θj only and is sufficiently large.
• CUSUM statistic:

Xs,b,e(X) =

√
(b− s)(e− b)

e− s

(
X̄(s+1):b − X̄(b+1):e

)
for b = s+ 1, . . . , e− 1 and 0 ≤ s < e ≤ n.
• WBS2 allows for systematically drawing random intervals in an itera-

tive way.
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WBS2
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Multiscale MOSUM procedure

• MOSUM procedure: contrasts the behaviour of left and right sum-
mation windows using a moving window.
• MOSUM statistic: for a given bandwidth G,

Tb(X;G) =

√
G

2

(
X̄(b−G+1):b − X̄(b+1):(b+G)

)
for b = G, . . . , n−G.
• With bandwidth G satisfying minj(θj+1 − θj) > 2G, summation win-

dows contain at most a single change point.
• Multiscale extension with multiple bandwidths for better adaptivity.
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Multiscale MOSUM procedure
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Multiscale procedures

• Isolate each change point within an interval sufficiently large for its
detection and estimation.
• Various candidate generating mechanisms:

– (Near-)optimal localisation of order Op(d−2
j ) (dj: jump size at θj)

can be achieved through multiple scanning of the same regions
of the data.

– It results in conflicting estimators as well as false positives.
• Model selection:

– ∃ methods specifically tailored for individual multiscale procedures
(based on thresholding or information criteria on ‘nested’ models)
to handle conflicting estimators and false positives among change
point candidates.

– Lack of a unified framework.
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Multiscale procedures

• Isolate each change point within an interval sufficiently large for its
detection and estimation =⇒ each candidate’s detection interval is
accessible.
• Various candidate generating mechanisms:

– (Near-)optimal localisation of order Op(d
−2
j ) can be achieved

through multiple scanning of the same regions of the data.
– It results in conflicting estimators as well as false positives.

• Model selection:
– ∃ methods specifically tailored for individual multiscale procedures

to handle conflicting estimators and false positives among change
point candidates.

– Lack of a unified framework =⇒ We propose a generic algorithm
performing localised pruning on candidates generated by multi-
scale procedures.
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Localised pruning

A generic methodology applicable to change point candidates returned
by a class of change point methodologies based on the principle of iso-
lating each change point for its estimation.

• Achieves consistency in model selection (= estimation of qn).
• ‘Almost’ inherits the localisation rate of candidate generating mecha-

nisms (= estimation of θj, j = 1, . . . , qn).
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Localised pruning

Consists of outer algorithm (LocAlg) + inner algorithm (PrunAlg).

‘Ingredients’

• A set of candidates K to be pruned down.
• For each k ∈ K, its detection interval I(k) = [k −GL(k), k +GR(k)].
• Schwarz criterion: ∀A ⊂ K,

SC(A) =
n

2
log

{
RSS(A)

n

}
+ ξn · |A|

with ξn →∞ as n→∞.
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LocAlg

Iteratively selects the local environment on which the inner algorithm
performs the pruning.

Step 0. Initialise the active candidate set C ← K and the accepted candidate
set Θ̂← ∅.

Step 1. Find the most prominent candidate k◦ ∈ C.
Step 2. Define the local search environment.
Step 3. Perform PrunAlg and yield Â ← PrunAlg(D, C, Θ̂, kL, kR).

Step 4. Update the accepted (Θ̂) and active (C) candidate sets.
Step 5. Repeat Steps 1–4 until C is empty.
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LocAlg

Step 0. Initialise C ← K and Θ̂← ∅.
Step 1. Find the most prominent candidate k◦ ∈ C according to any ordering

given by e.g., the associated jump size

hJ (k) = |X̄(k−GL+1):k − X̄(k+1):(k+GR)|,

or p-value of the test statistic.
† Order of consideration does not affect the theoretical properties.

Step 2. Define the local search environment.
Step 3. Perform PrunAlg and yield Â ← PrunAlg(D, C, Θ̂, kL, kR).

Step 4. Update the accepted (Θ̂) and active (C) candidate sets.
Step 5. Repeat Steps 1–4 until C is empty.
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LocAlg

Step 0. Initialise C ← K and Θ̂← ∅.
Step 1. Find the most prominent candidate k◦ ∈ C.
Step 2. Define the local search environment by identifying kL, kR ∈ Θ̂ ∪ C ∪

{0, n}, where

largest kL < k◦ such that I(k◦) ∩ I(kL) = ∅,
smallest kR > k◦ such that I(k◦) ∩ I(kR) = ∅,

and set D = C ∩ (kL, kR) as the local candidates.

Step 3. Perform PrunAlg and yield Â ← PrunAlg(D, C, Θ̂, kL, kR).

Step 4. Update the accepted (Θ̂) and active (C) candidate sets.
Step 5. Repeat Steps 1–4 until C is empty and output Θ̂.
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LocAlg

Step 0. Initialise C ← K and Θ̂← ∅.
Step 1. Find the most prominent candidate k◦ ∈ C.
Step 2. Define the local search environmet.
Step 3. Perform PrunAlg and yield

Â ← PrunAlg(D, C, Θ̂, kL, kR).

† Â can be empty.

Step 4. Update the accepted (Θ̂) and active (C) candidate sets.
Step 5. Repeat Steps 1–4 until C is empty and output Θ̂.
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LocAlg

Step 0. Initialise C ← K and Θ̂← ∅.
Step 1. Find the most prominent candidate k◦ ∈ C.
Step 2. Define the local search environment.
Step 3. Perform PrunAlg and yield Â ← PrunAlg(D, C, Θ̂, kL, kR).

Step 4. Update the accepted (Θ̂) and active (C) candidate sets as

Θ̂← Θ̂ ∪ Â and C ← C \ R, where

R ← {k◦} ∪ Â ∪ {k ∈ D lying between two elements of Θ̂}.

† Guarantees that LocAlg eventually terminates.

Step 5. Repeat Steps 1–4 until C is empty and output Θ̂.
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PrunAlg

Input (D, C, Θ̂, kL, kR).

Search for Â ⊂ D using

SC(A|C, Θ̂, kL, kR) =
n

2
log

{
RSS(A ∪ Θ̂ ∪ (C \ D))

n

}
+ (|A|+ |Θ̂|+ |C \ D|) · ξn.

† All Xt, t = 1, . . . , n are used in the calculation of SC at any iteration.
† LocAlg performs an adaptively chosen subset of exhaustive search over all 2|K|

subsets of K.
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PrunAlg

Input (D, C, Θ̂, kL, kR).

Among F , the collection of all A ⊂ D satisfying:

adding further candidates to A monotonically increases SC, (C1)

and with m∗ = minA∈F |A|, we select

Â = arg min{A⊂RA′ with A′ ∈ F and m∗ ≤ |A′| ≤ m∗ + 2 :

SC(A|C, Θ̂, kL, kR)} (C2)

where byA⊂RA′, we indicate thatA contains all inner elements ofA′ (if
exist) while the first and the last elements ofA′ may/may not be included
in A.

† This is due to that some θj may be too close to kL or kR to be detected.
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PrunAlg (simplified)

Input (D = K, C = K, Θ̂ = ∅, kL = 0, kR = n).
† Apply the search criteria directly to K.

Among F , the collection of all A ⊂ K satisfying:

adding further candidates to A monotonically increases SC (C1)

and with m∗ = minA∈F |A|, we select

Θ̂ = arg min{A ∈ F and |A| = m∗ : SC(A|K, ∅, 0, n)}. (C2′)

† Still computationally more efficient than searching directly for arg minA⊂K SC(A)

over 2|K| subsets of K, by implementing a top-down search.

† LocAlg+ PrunAlg yields further reduction in computational cost by breaking down
the scope of PrunAlg iteratively.
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Theoretical consistency of PrunAlg

Assumption 1 (size of change). With D−1
n ξn → 0 and δj = min(θj − θj−1, θj+1−

θj),

min1≤j≤qn d
2
jδj ≥ Dn.

† Phase transition investigated with minj d
2
j · minj δj for consistent change point

localisation (Wang et al., 2018).
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Theoretical consistency of PrunAlg

Assumption 2 (error distribution). P(M(11)
n ∩M(12)

n ∩M(13)
n )→ 1 where

M(11)
n =

{
max

0≤s<e≤n

1
√
e− s

∣∣∣ e∑
s+1

εt

∣∣∣ ≤ ωn} with ξ−1
n ω

2
n → 0,

M(12)
n =

{
max

1≤j≤qn
max

Anj≤`≤δj

√
Anj

`

∣∣∣ ∑
|t−θj|≤`

εt

∣∣∣ ≤ ω(1)
n

}
,

M(13)
n =

{
max

1≤j≤qn
max
`≤Bnj

1√
Bnj

∣∣∣ ∑
|t−θj|≤`

εt

∣∣∣ ≤ ω(2)
n

}
.

† For i.i.d. εt with moment generating function, Dn ∼ log1+∆ n for some ∆ > 0.
† ω(1)

n and ω(2)
n are related to the localisation rate.

† Assumption 2 is met under general conditions permitting heavy-tailedness and de-
pendence.
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Theoretical consistency of PrunAlg

Assumption 3 (candidate generating mechanism). P(M(2)
n )→ 1 where

M(2)
n =

{
max

1≤j≤qn
min
k∈K

d
2
j|k − θj| ≤ ρn

}
Also, Qn = |K| fulfils n−1ω2

nQn → 0.

† ρn denotes the best precision achieved by the multiscale procedure for candidate
generation.
† A reasonably good candidate generating method ought not to return too many can-
didates while meeting achieving good localisation.
† Met by MOSUM- and CUSUM-based candidate generating methods.
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Theoretical consistency of PrunAlg

For any 0 ≤ s < e ≤ n and universal constants 0 < c∗ < C∗ <∞, define

Θ
(s,e)

=
{
θj : d

2
j min(θj − s, e− θj) ≥ C∗ξn

}
Θ̄

(s,e)
=
{
θj : d

2
j min(θj − s, e− θj) ≥ c∗ξn

}
OnM(1)

n ∩M
(2)
n , PrunAlg applied to D = K ∩ (s, e) outputs Θ̂(s,e) which contains

(i) exactly one acceptable candidate for each θj ∈ Θ(s,e),
(ii) at most one acceptable candidate for each θj ∈ Θ̄(s,e) \Θ(s,e), and
(iii) no other candidates,

where an acceptable candidate k of θj satisfies

d2
j|k − θj| ≤ ρnνn with ω

(1)
n√
νnρn

,
ω

(2)
n

νn
√
ρn
→ 0.
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Theoretical consistency of PrunAlg

For any 0 ≤ s < e ≤ n and universal constants 0 < c∗ < C∗ <∞, define

Θ
(s,e)

=
{
θj : d

2
j min(θj − s, e− θj) ≥ C∗ξn

}
surely detectable

Θ̄
(s,e)

=
{
θj : d

2
j min(θj − s, e− θj) ≥ c∗ξn

}
detectable

OnM(1)
n ∩M

(2)
n , PrunAlg applied toD = K∩ (s, e) outputs Θ̂(s,e) which contains

(i) exactly one acceptable candidate for each θj ∈ Θ(s,e),
(ii) at most one acceptable candidate for each θj ∈ Θ̄(s,e) \Θ(s,e), and
(iii) no other candidates,

where an acceptable candidate k of θj satisfies

d2
j|k − θj| ≤ ρnνn with ω

(1)
n√
νnρn

,
ω

(2)
n

νn
√
ρn
→ 0.

E.g., when qn is fixed, νn can diverge arbitrarily slow =⇒ PrunAlg almost preserves
the best precision in localisation achieved by the candidate generating mechanism.

25



Theoretical consistency of LocAlg

Consistency achieved by PrunAlg within local search environments is
carried over to the entire data set via LocAlg.

LocAlg outputs Θ̂ = {θ̂1 < . . . < θ̂q̂n} which consistently estimates Θ,

P

{
q̂n = qn; max

1≤j≤qn
d2
j |θ̂j − θj| ≤ ρnνn

}
≥ P(M(1)

n ∩M(2)
n ) + o(1)→ 1.

• When a change point is surely detectable for the first time, it gets
detected by an acceptable estimator and consequently is no longer
detectable in the subsequent iterations thanks to how the local envi-
ronments are defined.
• On the other hand, those change points which are yet to be detected

have corresponding acceptable estimators in the current candidate
set C due to how C is reduced.
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MOSUM-based candidate generation

Multiscale, asymmetric extension of MOSUM procedure (Eichinger & Kirch,

2018) with bandwidths H ⊂ {G1, . . . , GH}
⊗

2 with

G1 = G0, Gm = Gm−1 +Gm−2, m ≥ 2 where
ω2
n/G0 → 0, GH < n/ log n and GH+1 ≥ n/ log n,

yields K(H) satisfying Assumption 3. Then, LocAlg applied to K(H)

outputs Θ̂ = {θ̂1 < . . . < θ̂q̂n} which consistently estimates Θ,

P

{
q̂n = qn; max

1≤j≤qn
d2
j |θ̂j − θj| ≤ ρ(M)

n νn

}
→ 1

with ρ(M)
n diverging arbitrarily slow when qn is fixed =⇒

minimax optimality in change point localisation.
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CUSUM-based candidate generation

Recursively drawing M intervals, keeping one with the largest CUSUM
test statistic and splitting the data into two until the recursion depth
reaches Ln, yields K(Ln) satisfying Assumption 3 provided that

Ln = blog2(Q̃n + 1)c with qn/Q̃n, ω2
n Q̃n/n→ 0.

Then, LocAlg applied to K(Ln) outputs Θ̂ = {θ̂1 < . . . < θ̂q̂n} which
consistently estimates Θ,

P
{
q̂n = qn; max1≤j≤qn d

2
j |θ̂j − θj| ≤ ρ

(W )
n νn

}
→ 1

with ρ(W )
n = n4−4βω2

n, where minj δj ≥ cβnβ.

† CUSUM-based candidate generation requires stronger conditions on minj d
2
jδj for

consistency, as well as yielding localisation rate ρ(W )
n always worse than ρ(M)

n , com-
pared to MOSUM-based one.
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Simulation study

mix test signal with n = 560 and qn = 13.

method TPR FPR MSE
MoLP 0.93 0.009 4.083
CuLP 0.937 0.054 4.844

bottom.up 0.951 0.064 4.326
WBS.sBIC 0.817 0.034 9.916

WBS2.SDLL 0.91 0.021 4.562
PELT 0.771 0.002 6.148
S3IB 0.96 0.074 4.774

cumSeg 0.333 0 25.195
TGUH 0.902 0.026 5.374

FDRSeg 0.936 0.075 4.951

TPR: true positive rate, FPR: false positive rate,
MSE =

∑n
t=1(f̂t − ft)

2/
∑n

t=1(f̂
oracle
t − ft)2.
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Simulation study

dense mix test signal repeating mix until n ≥ 2× 104.

method TPR FPR MSE speed
MoLP 0.887 0.002 4.154 1.105
CuLP 0.906 0.005 4.364 8.807

bottom.up 0.887 0.025 4.385 0.060
WBS.sBIC 0.676 0 11.937 73.173

WBS2.SDLL 0.908 0.013 4.338 9.400
PELT 0.625 0 9.266 0.032
TGUH 0.821 0.002 5.593 1.420
FPOP 0.803 0.002 5.105 0.011
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Simulation study

sparse mix test signal embedding mix in the series of i.i.d random variables of
length n = 2× 104 at t = 500.

method TPR FPR MSE speed
MoLP 0.862 0.004 4.934 0.218
CuLP 0.845 0.006 5.554 2.759

bottom.up 0.905 0.372 6.041 0.043
WBS.sBIC 0.638 0.002 14.56 62.190

WBS2.SDLL 0.847 0.021 6.169 8.049
PELT 0.665 0 9.118 0.039
TGUH 0.535 0.006 48.116 1.377
FPOP 0.834 0.002 5.133 0.017
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Kepler light curve data (Fisch et al., 2018, R package anomaly)

Regularly measured luminosity of stars (n = 51405).
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Array CGH data (Snijders et al., 2001)

Dataset obtained from a breast tumour specimen (n = 2227).

0 500 1000 1500 2000 2500

order

CBS
modSaRa
WBS.sBIC

WBS2.SDLL
TGUH
PELT
S3IB

cumSeg
FDRSeg

MoLP CuLP CBS modSaRa WBS.sBIC WBS2.SDLL TGUH PELT S3IB cumSeg FDRSeg
18 20 31 17 52 84 65 46 49 12 126
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Conclusions

• Generic algorithm applicable with a class of multiscale procedures
for change point analysis.
• Achieves consistency in multiple change point estimation under mild

conditions permitting heavy-tailed and dependent data.
• Combined with a multiscale MOSUM procedure, achieves minimax

optimality in change point localisation.
• MoLP implemented in mosum available on CRAN.
• Further applicable to general change point problems, either via ap-

propriate transformation of the data or by adopting estimating func-
tions with an appropriately modified information criterion.
• H. Cho & C. Kirch (2019) Localised pruning for data segmentation

based on multiscale change point procedures. arXiv:1910.12486.
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